Abstract-The role of pancreatic -cells is fundamental in the control endocrine system, maintaining the blood glucose homeostasis in a physiological regime, via the glucose-induced release of insulin. An increasing amount of detailed experimental evidences at the cellular and molecular biology levels have been collected on the key factors determining the insulin release by the pancreatic -cells. The direct transposition of such experimental data into accurate mathematical descriptions might contribute to considerably clarify the impact of each cellular component on the global glucose metabolism. Under these perspectives, we model and computer-simulate the stimulus-secretion coupling in -cells by describing four interacting cellular subsystems, consisting in the glucose transport and metabolism, the excitable electrophysiological behavior, the dynamics of the intracellular calcium ions, and the exocytosis of granules containing insulin. We explicit the molecular nature of each subsystem, expressing the mutual relationships and the feedbacks that determine the metabolic-electrophysiological behavior of an isolated -cell. Finally, we discuss the simulation results of the behavior of isolated -cells as well as of population of electrically coupled -cells in Langerhans islets, under physiological and pathological conditions, including noninsulin-dependent diabetes mellitus (NIDDM) and hyperinsulinemic hypoglycaemia (PHHI).
I. INTRODUCTION
A CORRECT glucose metabolism is one of the key factors in keeping a healthy state in mammalians. Among other processes, this is obtained mostly via the regulatory action of hormones released by specific cell populations inside the pancreas. A very relevant role is played by the hormone insulin, synthetised by the pancreatic -cells [1] , [2] . Incorrectness in its release (including total absence) is at the basis of various Manuscript received July 1, 1999; revised December 7, 1999 .This work was supported by the University of Genoa (Italy). Asterisk indicates corresponding author.
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forms of diabetes. Several mathematical techniques have been reported in the literature, providing descriptions and quantitative estimates of clinical tests [3] , [4] and investigating the glucose-induced insulin secretion [4] - [6] . Due to the complexity of the underlying phenomena, these models usually do not incorporate any description at the level of the molecular biology of the cell [5] . The few models that analyze insulin release at the molecular level (see Fig. 1 ) typically deal alternatively with metabolic aspects (i.e., glucose transport and metabolism [7] , [8] ) or electrophysiological aspects (i.e., -cell bursting activity and calcium oscillations [9] , [10] ). An early relevant phenomenological approach was given by a pioneering paper by G. M. Grodsky [11] who provided a model incorporating the hypotheses that insulin is released in packets, that the behaviors of the -cells is a threshold one and that Ca ions could play an important role in the process of exocytosis.
Most of Grodsky's suggestions have been now confirmed and deepened on the basis of very detailed information on the physiological/pathological behavior of the -cells at the molecular level, under a variety of experimental conditions, including measurements on humans, mice and on cultured cells [12] - [14] . This body of recent experimental evidences includes detailed knowledge about the facilitated diffusion of glucose through the plasma membrane, the closure of adenosine triphosphate (ATP)-dependent membrane potassium channels, oscillations in the concentration of free cytosolic calcium, related electrophysiological activity [1] , [13] , [15] and details on the calcium-dependent kinetics of the release of insulin vescicles (i.e., Grodsky's "packets"), somehow analogous to the kinetics of other neuroendocrine and neuronal cell types.
On the basis of these considerations, in this paper we propose a detailed model of the glucose-induced release of insulin at the level of a single pancreatic -cell and we use it to design computer simulations of the behavior of an isolated pancreatic -cell as well as of a syncitium of cells closely arranged in space and coupled by molecular gap-junctions, to rudimentary reproduce the physiology of insulin release in an isolated islet of Langerhans.
The mathematical description of these phenomena let us adjust critical parameters, elucidating their impact on the global glucose response of the population, and comparing it to physiological and pathological behaviors experimentally described in the literature [16] . We then discuss the results of computer Fig. 1 . Cartoon model of glucose-induced insulin release. As a consequence of glucose metabolism, ATP produced by glycolysis blocks ATP-sensitive potassium channels, reducing the total outward membrane current. Then, the membrane depolarization induces rythmic nonlinear electrical activity that let calcium ions to enter the cell, determining the exocytosis of ready-releasable secretory granules.
simulations reproducing behaviors of single -cells and of a syncitium [13] , [14] , [17] - [20] . These simulations are intended to improve the understanding of the -cells behavior so to help in the design of new experiments based on detailed predictions at the cell-molecular level and in the design of a bio-artificial pancreas.
II. MODELLING MOLECULAR PROCESSES IN THE -CELL

A. Glucose Transport and Metabolism
Pancreatic -cells play a fundamental role in the antagonistic control endocrine system by maintaining glucose homeostasis in a physiological safe range of 4-7 mM, either after meals or during periods of starvation [1] , [2] . This is obtained by an appropriate modulation of insulin secretion, which constitutes a specific response to changes in extracellular glucose levels. Such response is characterized by highly complex molecular events and, among them, glucose sensing and releases of hormonal messengers represent the most critical steps. Biochemical and molecular biology studies accumulated evidences on the specific intracellular signal transduction occurring under exposure to glucose of in vitro islet preparations, and resulting from a direct effect on the metabolism rather than from a membrane-localized glucose-sensing receptor [17] , [21] . Actually, glucose enters the cell by facilitated diffusion mechanisms, which represent an example of regulated mass exchange across the cell membrane. Specialised families of membrane proteins called GLUT (i.e., GLUcose Transporters), observed in a large variety of cell types [22] , actively operate the removal of free glucose from the interstitial spaces and transport it inside the cytoplasm, with distinct affinities and maximal transport rates. Following previously proposed descriptions [7] , [17] , we assume a single type of glucose transporter to be uniformly distributed over the entire cell membrane and to be characterized by the experimentally determined nonlinear properties of the GLUT-2 transporter [23] .
According to experimental characterizations [17] , the transport rate due to the GLUT-2 transporter alone cannot account for the steady-state level of intracellular glucose. Actually it has been confirmed that in isolated islets of Langerhans, glucose transport is not a significant rate-limiting step for glucose metabolism and for insulin secretion [7] , [18] , [19] , [21] . This supports the hypothesis that metabolism of the secretagogue fuel is involved in the generation of the secretory signal [17] , [21] : it is the interaction of glucose transport with metabolism that sets the level of glucose in the cytoplasm, and consequently the physiological regime of the -cell. Of course, many processes determine the rate of glucose metabolism in the -cell, such as metabolism of fatty acids, ketone bodies, Ca ions, amino acids and phosphorilation kinetics of the hexokinase, even though the last appears to play the major contribution to the dependence of glucose metabolism on external glucose [21] , [23] .
Hexokinase, also referred to as glucokinase in pancreatic -cells, is a specific regulatory enzyme catalising the initial steps of the glucose metabolism biochemical pathways, playing a fundamental role in the modulation of cellular metabolism and converting free intracellular glucose into glucose-6-phosphate . Following the Michaelis-Menten formalism [2] , the glucose phosphorilation operated by glucokinase can be described by means of a single component rate [7] , [17] . This represents only the first step of highly complex biochemical pathways for glucose metabolism, characterized by many intermediate chemical steps that tend to maintain a constant concentration of ATP molecules inside the cell [2] . These processes act via up-regulation or down-regulation of the metabolism of glucose at many levels (e.g., ten cytosolic enzymes catalise the whole process) and a detailed analysis of such phenomena would require to study among others, all glucose phosphorylating enzyme pathways, able to integrate and couple signals from other metabolic, hormonal, and neuronal signal [2] , [21] .
Such a perspective is beyond the aim of this work, and here we propose a highly stereotyped and simplifed description. Specifically, we describe the time-course of the intracellular glucose , for any given time-varying extracellular level as follows: (1) neglecting the remaining biochemical reactions of glycolysis and cell metabolism. The decay of the phosphorilated glucose concentration is modeled as a first-order kinetics. In other words, we express the time course of the product of the simplifed glucose metabolism by a balance (2) , between the rate and a spontaneous decay
The intracellular concentration of ATP molecules is the putative coupling factor we chose to act as an intermediate messenger between glucose-sensing and electrophysiological activity. This links the metabolic behavior of the model [(1) and (2) ] to the electrical activity by means of ATP-sensitive membrane channels, selective to K ions [13] - [15] , [24] .
In our simplified model, is regarded as an instantaneous linear function of the glucose-6-phosphate , being the first-order Taylor expansion of a more complicated unknown functional dependence.
B. Modeling the Electrical Excitability Properties of a -Cell
Since the 1970's, it has been widely confirmed that the physiological stimulation of insulin secretion induces a periodic activity in the voltage across the plasmatic membrane of a single pancreatic -cell [12] - [14] . Following elevation of the extracellular glucose levels , the cell membrane depolarizes and once the potential reaches an excitability threshold, periodic oscillatory activity begins. Such activity consists in a slow depolarising plateau on which action potentials are superimposed (i.e., the active phase), among repolarized silent intervals. Such bursting electrical pattern is believed to be mainly driven by the fast contribution of calcium spikes [12] and by a slow time-dependent variable that might be also related to the intracellular calcium concentration [10] . Such a pattern of electrical activity contributes to the uptake of Ca ions, finally triggering the release of insulin by exocytosis.
Under this perspective the understanding of the nonlinear ion permeability properties of the membrane plays a key role in the quantitative description of the stimulus-secretion coupling. We consider here a basic description of membrane electrical excitability in order to clarify its role in the regulation of insulin release. We modified a conductance-based model, inspired by the Hodgkin-Huxley approach [9] , [10] , [25] , [26] , and we focused on the aspects characterising the link between the ionic fluxes inducing oscillatory activity and the pulsatile insulin secretion [13] . The last seems to be a common evolutionary solution to the problem of accelerating hormone secretions in many cell-systems [27] , [28] .
Following Chay [10] , we consider the contribution of potassium, sodium and calcium ions to describe the total current of a membrane patch of capacitance , and we implement the following differential equation for the temporal evolution of the membrane voltage (3) This electrophysiological model includes also a two-compartment description for the intracellular calcium dynamics modulating and [10] : the cytosolic compartment and the endoplasmic reticulum, being both characterized by uniform concentrations indicated with Ca and Ca (also referred to as luminal calcium concentration), respectively. As a consequence, a rise in the concentration of cytosolic Ca calcium levels can result from two events: the influx of Ca ions through the membrane calcium channels , and the release of ions from calcium releasing channels present in the endoplasmic reticulum.
C. Minimal Markov Kinetic Scheme for ATP/Sulfonylurea-Dependent Delayed-Rectifier Potassium Channels
In (3), we assumed that the predominant contribution of the outward potassium intrinsic membrane currents in the metabolism-to-electrophysiology coupling could be represented by ATP-sensitive type currents. Such currents have been found in a great variety of cell types (e.g., -cells, neurons, pituitary neurons, skeletal muscles, cardiac muscle, and vascular and nonvascular smooth muscles) and play a fundamental role by coupling the metabolic activity to electrophysiological properties of the cells [24] . This implies that specific metabolic events (e.g., the glucose phosphorilation into glucose-6-phosphate) can be actively linked to large changes in the electrical behavior of such cells and related phenomena (i.e., muscle contraction, secretion, etc.). In pancreatic -cells, ATP-sensitive potassium channels are crucial to the processes of insulin secretion, caused by the glucose-induced activation of specific biochemical metabolic pathways. Although their importance in determining a "glucose-sensor" on the molecular scale are evident [13] , the extent of their involvement in endocrine pathologies such as the noninsulin-dependent diabetes mellitus (NIDDM) is not well established. However, a general experimental agreement holds that currents are the target of sulfonylureasbased (Su) oral hypoglycemic agents, widely used in the treatment of NIDDM. Actually, the sulfonylurea receptor has been identified as an ATP-binding receptor and it seems to be co-expressed with an adenosine triphosphate binding-site, both functionally responsible for the inhibition of the permeability to K ions [24] .
A minimal kinetic markov model of the interaction between intracellular ATP molecules and potassium channels in the open state is proposed in Fig. 2 . Either ATP or Sulfonylurea Su molecules interact with a channel in the functional open state , and block it ( , closed). This state can spontaneously recover back to the open state via a voltage-dependent probability in the unit of time. Beside the kinetic description of the inhibition of this current activity by the local intracellular concentration, we modeled the inhibitory effects produced by sulfonylurea, under the perspectives of an improved understanding of the role of oral hypoglycemic agents in the treatment of NIDDM.
Inspired by a simpler kinetics of the potassium delayed rectifier channels, we compared this formulation to those proposed in [10] , rephrasing the scheme into the standard Hodgkin-Huxley ion-current formalism, resulting in a voltage-dependent and ligand-blocked permeability to potassium ions. Rectifying electrical I-V characteristics (see Fig. 3 ) were preserved in order to retain qualitatively the experimentally observed voltage-dependence [15] , [24] and to reduce the impact of the introduction of these channels into the model describing the other voltage-dependent current densities . For the sake of simplicity, in the final coupling of all the model parts describing the electrophysiological activity the intracellular calcium dynamics and the cell metabolism, we neglected the phosphorilating reaction of the ligand-channel (Fig. 2) , considering unaffected by the dynamics of the activation of the .
D. Modeling the Calcium-Dependent Secretion from Individual -Cells
The general framework of a physiological coupling between the -cell excitable electrical behavior and the release of insulin under extracellular glucose stimulation is now largely supported [9] , [13] , [29] - [31] . It shares common molecular details with a number of other endocrine cells and nerve cells for the calcium-mediated transduction of chemical-physical environmental stimuli into the secretion of hormones/neurotransmitters/neuromodulators [13] , [14] . By means of advanced experimental techniques, such as membrane capacitance measurements and amperometric monitoring of chemical secretion from individual -cells [13] , [20] , it has been possible to partly elucidate the dynamics of the exocytosis of insulin-containing vesicles, at high temporal resolution. It has been demonstrated the existence of distinct functional ready-releasable pools of granules, in different stages of maturation [3] . Refilling of such pools, consisting in the chemical modification and/or in the physical translocation of the granules [32] appears to determine peculiar properties of the time-dependent biphasic glucose-stimulated exocytosis. In particular, the first phase of insulin secretion can be accounted for by the release of a pool of granules docked immediately below the plasma membrane, the second being the result of slow ATP-dependent recovery of the exocytotic exhaustible resources, regarding granules located further away from the membrane [13] .
Inspired by previous descriptions of refractoriness and exhaustion of releasable resources in similar cellular events [33] , [34] , we used a three-state kinetic scheme (see Figs. 4 and 5) , describing the dynamics of the fraction of the granules in the "recovered" (ready-releasable), "active" (during the fusion to the plasma membrane) and "inactive" states, respectively. Focusing on the simplest situation, we assumed that both the granule fusion and the recovery of a granule to the ready-releasable state occur as first-order processes, characterized by the time constants and , respectively. We note, however, that multiple inactive granule pools (i.e., different stages for granules not yet available for exocytosis) could have been introduced by defining additional states of inactivation all recovering back to the same state , with distinct time constants. In Fig. 4 , indicates the number of some generic calcium-activated anchoring proteins, triggering the exocytosis and evolving in time according to a simple calcium-dependent reversible two-state kinetics. The forward reaction rate of such a reaction represents the probability in the unit of time of making a transition from an inactive state to the calcium activated state , and it is assumed to depend monotonically on the luminal calcium concentration Ca , while the backward reaction rate is assumed to be constant. Quantitatively, we express as
Ca (4) By definition of the mass-action law, the total amount of the anchoring proteins in both allowed states does not change in time and, assuming that the equilibrium of is reached over a time scale much faster than the dynamics of the luminal calcium concentration, the dependence of on the calcium 
The proposed mathematical description implicitly accounts for facilitating mechanisms due to the accumulation of calcium ions, which contribute to a progressive build up of the secretion that might play an important role in determining the global secretion response [see Fig. 7(a) ].
In other words, every time a calcium-spike occurs, several granules are released, depending on both the amount of activated anchoring proteins and the number of ready-releasable resources.
Aware of the great reduction of complexity we made in the description of the biological pathways regulating the granules docking and triggering the events that result in the calcium-dependent fusion of the granule to the membrane, we believe it is possible to neglect the detailed cascade of biochemical interactions, in order to capture the fundamental phenomena of exocytosis under the perspective of the investigation of the electrochemical behavior of a whole population of coupled -cells.
Unfortunately, the equivalent set of deterministic differential equations, derived from the kinetic scheme reported in Fig. 4 , cannot be solved analytically in the general case, this imposing an additional set of differential equations for each cell to be numerically simulated. For the sake of simplicity and in order to reduce the simulation computational loads for a large ensemble of interacting -cells, we performed an approximated rephrasing of the model for insulin secretion. This is equivalent to the full kinetic scheme of Fig. 4 over hypotheses regarding the separation of time scales characterising the time course of the fast changing variable and those related to the slow refill of the ready-releasable granule pool (i.e., ) [35] - [37] . We can express the time course of the number of granules in the active state as a superposition of exponentially decaying pulses, occurring at times (6) . Such sequence of discrete-time events corresponds to the occurrence time of narrow peaks in the cytosolic calcium concentration, due to calcium spikes, and we call them "secretion events" (6) where and for every In (6), on a first approximation represents the ratio , evolving according to the following law [36] : (7) where is a number, lesser than one, and it represents the fraction of granules utilized during each secretion event. In all the simulations reported, has been set to 13 000 [13] , [20] and an exocytotic rate of 500 granules per second has been kept into account by setting [see (8)], determining the fraction of granules utilized after one secretion event, roughly assumed to occur at the frequency of 1 Hz.
The time course of under a fixed extracellular glucose level of 25 mM has been reported in Fig. 7 . In this figure the impact of the two facilitating and depressing variables and , respectively, is implicitly shown [ Fig. 7(a) ]. Actually, the concentration of luminal calcium slowly increases during a burst and, consequently, increases as well. However, upon the completion of every secretion event, the amount of ready-releasable resources decreases, reducing the quanta available at the next event.
III. RESULTS
A. Simulation of an Isolated Pancreatic -Cell
In this section we report and comment the results 1 of computer simulations performed by numerically integrating the equations of the full model, according to a standard fourth-order Runge-Kutta algorithm [38] .
We preliminary simulated a step transition in the amplitude of the extracellular glucose concentration from 0 mM to 10 mM, reproducing typical in vitro experimental protocols. It is worth mentioning that physiological glucose in vivo profiles were not taken into account by our simulations, since we explicitly focused on an in vitro preparation and we are not referring to any description of the whole glucose-regulating endocrine control system in a living being. The last scenario is beyond the aim of the present work and it would require a detailed large-scale 1 Simulation software, available on request, was written in ANSI C-code and all simulations were run on a Digital DEC 3000 Alpha workstation and on a Intel-Pentium II 333 Mhz symmetric double processor workstation, under the Osf-Unix and Linux operating systems. Unless stated differently, we always refer to numerical values for the model parameters, as indicated in Table I. model, being the changes of the concentration of glucose in the blood the result of a complex interplay between the external loading protocol and the endocrine insulin secretory response, the last being determined by the glucose instantaneous concentration itself.
The modeled cytosolic glucose concentration is primarily determined by the rate of uptake by GLUT-2 transporters and by its usage rate by metabolism (1), and it equilibrates quite quickly to the extracellular glucose level [17] . The time evolution of is, thus, determined by a balance [(1) and (2)] between metabolism and glucose uptake and the change in the glucose-6-phosphate concentration . This is due to the activity of the modeled glucokinase phosphorilation that acts as a glucose sensor and contributes to setting a metabolic regime that affects the levels. As a direct consequence of the decrease of hyperpolarising effects of the outward ATP-dependent potassium currents, the cell membrane depolarizes and oscillatory bursting activity starts approximately after 30 s from the onset of the glucose step. In Fig. 6(a) , the amplitude of the stimulus was then increased from 8 mM to 11 mM inducing an increase in the frequency of bursts as well as in the active phase (i.e., the number of calcium-spikes within each burst).
Membrane depolarization induces the influx of free calcium ions, affecting the intracellular cytosolic and luminal calcium concentrations. The free cytosolic calcium is characterized by spiking transients, assumed in our model to trigger the Ca -dependent exocytosis of secretory granules, while the slow build up of the luminal calcium concentration contributes to the increasing hyperpolarization that determines the bursting [10] . However, the oscillatory electrical activity and, thus, the hormone release arise only when the level of the external glucose is above a minimal value [14] , [17] , otherwise subthreshold stable depolarization and no insulin secretion occur, as shown in Fig. 6(b) , since the corresponding intracellular level of ATP is not sufficient to block enough potassium channels and considerably decrease their hyperpolarising current.
Focusing now on the simulated secretion, we first note (Fig. 7) that the amplitude of the released hormone under an external glucose is characterized by depressing phenomena due to the exhaustion of exocytotic resources, and by calcium-induced short-term facilitating mechanism triggering and modulating the fusion of granules during exocytosis [ Fig. 7(a) ].
The biphasic secretory response observed for increasing levels of extracellular glucose concentrations is shown in Fig. 7(c) . The finite-resource model for the release of insulin interestingly leads to a complex response so that the predicted dependence of the secreted insulin on the extracellular glucose level results in a rather complex dependency. By defining three numerical parameters [see Fig. 8(a) ], such as the maximal concentration value , the latency of this peak response referred to the onset of the stimulating glucose step and the steady state value , we investigated the way these three quantities depend on the amplitude of the glucose stimulation step, in physiological [see Fig. 8(b) ] and pathological conditions (see Fig. 9 ).
We consider now a specific pathology: in the diabetic hyperglycaemia disorder type 2 (i.e., noninsulin-dependent diabetes mellitus, NIDDM) the glucose-induced insulin release as well TABLE I as the effect of insulin at target tissues are impaired. The underlying molecular mechanisms remain unclear, even though it has been suggested that the physiology of the glucose transport is defective, and the coupling between the metabolic processes and the release response generally compromised. Alternatively, a loss of sensitivity to glucose of ATP-sensitive potassium channels, reflecting a reduction in glucose metabolism, has been also suggested [14] . We reproduced this pathological state and those associated with a loss in sensitivity to intracellular ATP, by decreasing the coefficient , representing a sensitivity factor of the kinetics. The simulated condition might also represent the result of a partial reduction of glucose metabolism, caused by a low intracellular glucose concentration. Fig. 9(a) shows the secretory response for such a pathological condition, of a single pancreatic -cell. Essentially, a shift in the sensitivity to the external glucose is induced (e.g., higher levels of extracellular glucose are needed at a parity of steady-state insulin concentration). We note that it would be of interest to experimentally investigate whether such pathological sensitivity reduction could result in a similar phenomenon, without compromising the specific pattern of electrical activity but resulting in a scaled response as our model predicts. Our simulations predict that a small loss in sensitivity (e.g., 5%, see Fig. 8 ) would result in a greatly compromised glucose homeostasis. In order to recover back to the original physiological condition, this would probably require an appropriate stable change (i.e., at a genomic level) of the whole glucose-regulating cellular control system of a living being, involving adaptations at subcellular level that might not occur in a fully differentiated and specialised cell type as the pancreatic -cell.
Moreover, because of the symmetric role of ATP and hypoglycaemic sulfonylurea Su in the modeled kinetics of the (see Fig. 2 ), the model predict that the presence of appropriate levels of Su would compensate for the loss of sensitivity recovering the physiological exocytotic behavior [39] . Even though we did not keep into account any second-order effect of sulfonylurea on the biophysical processes governing exocytosis, our model describes a recovery of the impairment, independent on the metabolic pathway. In hyperinsulinemic hypoglycaemia (i.e., PHHI) [40] the activity of channels is greatly reduced. The effects of decreasing the number of total channels, in a single pancreatic -cell, are shown in Fig. 9(b), (c) . As in the previous case, dotted lines report the physiological behavior for comparison purposes and referred to as 100%, corresponding to 12 600 channels and to 90 S/cm as maximal potassium conductance, in our simulations. We note that a change in the electrical properties of the plasma membrane deeply affects the stability of the release processes, under a pathological condition. Slightly decreasing the total number of potassium channels induces a glucose-independent response of the -cell. A more consistent reduction of the number of such channels produces a complete failure of the electrical activity pattern to induce an appropriate intracellular calcium signalling, that in our model affects and triggers the hormone secretion.
We conclude this paragraph by observing that the description we adopted for modeling the finite-time recovery of the readyreleasable pool predicts also interesting higher-order properties of insulin secretion. While on a first approximation, the role of the phenomena described by the kinetic scheme of Fig. 4 could be compared to a low-pass filtering of the responsiveness of the -cell to glucose stimuli, either in the case of isolated cells or an array of electrically coupled units (see the next paragraph) an indeed distinct peculiar behavior turned out to characterize the The dotted line indicates the physiological conditions, referred to as 100%, and reported in Fig. 8(b) (although not evident, all tracks have a step-wise transition for low glucose). (b) and (c) In hyperinsulinemic hypoglycaemia the activity of K channels is greatly decreased. The above tracks report the effects of the decreased number of K channels on the glucose-dependence of the parameters characterising the secretory response, in a single pancreatic -cell (although not evident, all tracks have a step-wise transition for low glucose).
insulin response. Actually, as a consequence of a steep transition in the extracellular glucose concentration, a larger number of granules is recruited increasing transiently the steady-state level of the secreted insulin (see Fig. 10 ). This reveals a sensitivity to the time-derivative of the glucose time course, even more evident in the case of an ensemble of -cells, which could be experimentally characterized in vitro, under several physico-chemical conditions. This might be of some importance, revealing a fast component in the glucose-induced response at the level of the single -cell, able to settle the steady-state of the insulin concentration through a transient peak secretion.
B. Simulation of an Islet of Langerhans
The pancreatic physiological response to glucose exposure is well characterized experimentally in vitro in the case of a population of -cells constituting an islet of Langerhans [13] , [29] . In order to reproduce this condition, which constitutes a better approximation to the in vivo behavior than a single cell, we considered a two-dimensional (2-D) array of closely arranged -cells [see Fig. 11(b) ]. Each model cell was described by an independent set of differential equations, accounting for the full metabolic-electrophysiological dynamics. Such ensemble of cells has been connected by means of gap junctions among their cellular membranes and studied, at the level of mutual electrical interactions and collective secretory activity (9) .
We note that under this framework, it is possible to characterize and predict the effects of the role of coupling in larger populations of cells, and specific pathological consequences of impairments in the signal transduction.
In our model, a specific electrical coupling among neighbor cells was introduced and modeled as an additional term in the total membrane current for each cell. In other words, for each unit (3) was replaced by (9) In the previous expression, represents the membrane potential of the th unit of the ensemble, made of , while is the set of indexes related to cells in the neighborhood of the th cell [i.e., cells that are mutually connected by the coupling term indicated, under the sum sign, in (1)]. Finally is the gap junction maximal conductance between cell th and th , and it was assumed to be spatially homogeneous (i.e ). Computer modeling was already extensively used for theoretical investigations on the electrical behaviors of networks of this kind (see [26] ). Many regimes of collective activity are possible, depending on the coupling strength and on the connectivity pattern. Concerning the last point, we chose a local coupling involving only the four-nearest neighbor cells and assumed to be Insulin secreted by the ensemble equilibrates instantaneously in space and it is characterized by a complex time course, deeply affected in the shape and amplitude by the coupling strength among cells. spatially homogeneous. In Fig. 11(a) , the effect of the coupling on the electrical activity of two interacting -cells is reported: as soon as the coupling strength becomes nonzero (time indicated by the arrow), oscillatory activities synchronise.
This happens for a range of the coupling strength above a certain threshold value. We note that the two cells of Fig. 11 (a) were exposed to the same step-wise glucose concentration even though delayed in time for one of the two cells.
Then, we simulated a bigger 2-D islet . Following [8] and for the sake of simplicity, we applied a stimulus to each cell representing the effective glucose diffusion in the interstitial medium, delayed by the GLUT transporters. In order to reduce the simulation times, we analytically imposed for every , without computing the precise distribution of extracellular glucose by means of a diffusion process as described in [8] in the presence of the GLUT transporters. We used the following expression: mM (10) accounting for a delayed propagation of glucose change in space and time and affecting nonuniformly the cells of the ensemble.
Because insulin is a very small polypeptide (5700d) [2] and the interstitial volume, chosen in the simulations considering a population of -cells (i.e., an islet), is considerably limited, the time required to equilibrate its concentration in every point can be considered negligible. We, thus, model the extracellular insulin dynamics by an ordinary differential equation (see Fig. 5 ) (11) represents the amount of insulin molecules contained in a single granule (i.e., quantal size), the time constant of the fusion process and vol represents the sample volume, considered to define the concentration of insulin. Our choice for the last parameter was the volume of intercellular fluid space in a single islet of Langerhans, composed by about 1000 cells [8] .
Our simulations suggest that insulin release could be impaired by defective junctions, even if every single cell is perfectly working. Actually, as expected from experimental findings [41] , the microanatomy of the islet determines the form of functional co-operation among cells, resulting in a more appropriate glucose-induced insulin release. The coupling among -cells enhances insulin secretion. Simulations, performed at different values of the coupling strength, are in agreement with these findings, as reported in Fig. 12 . The electrical local interaction among cells induces an increased co-ordination of the voltage burst oscillations and consequently of the insulin secretion. This synchronization results in a complex modification of the temporal relationship characterising the single secretory events (11) , summing almost linearly their effects. Interestingly enough, this scenario does not hold in the case of low coupling strength, where asynchronicity in the electrical activity and, thus, in secretion, lead to a compensation of the spontaneous decay of insulin that acts as a smoothing filtering on the released insulin profile. These results suggest the importance of a deeper experimental analysis of the collective electrophysiological activity of a Langerhans islet, that could be approached for example by multielectrode electrophysiological techniques [42] .
Finally, our simulations well reproduce the observed correlation between the amount of the secreted insulin and the size of the islet [29] . As a consequence of the local interaction among -cells (i.e., the four-nearest neighbor electrical coupling), the spike frequency is not correlated with the number of cells in an islet [29] . Both these properties were examined by comparing the simulated activity of populations made of 2-16-100 coupled cells (data not shown).
IV. DISCUSSION AND CONCLUSION
In this work, we developed a mathematical model and utilized it to explore the simulated behavior of a single pancreatic -cell and of a population of coupled cells. The proposed model for insulin release predicts a wide range of dynamic phenomena, especially for the finite-time recovery of the ready-releasable granules pool. In the literature, it has been proposed that either metabolism or calcium dynamics affect insulin release. The fusion of granules with the plasma membrane was considered in our model to be calcium-dependent, and the recovery and mobilization of the granules to the ready-releasable pool was described by a first-order process occurring over a fixed time scale
. The last processes seem to be also influenced by the cellular metabolism through the phosphorilation of ATP [13] . Under the framework developed for insulin secretion, we chose to keep ATP-independent because of the limited accuracy devoted to the description of cellular metabolism [ (1) and (2))], but we point out that could have been assumed to be a monotonic decreasing function of the intracellular ATP concentration, to more closely describe the biochemical mechanisms underlying exocytosis [13] .
The wide range of simulated phenomena could suggest new experiments to further investigate relationships and dependencies of the secreting behaviors and the metabolic-electrophysiological cellular phenomena, either characterising more quantitatively the estimate of physical parameters or refining the proposed mathematical description. Under the perspective of a quantitative comparison between experimental observations and simulated behaviors, the analysis of the full time-course of the secretory and electrophysiological activities could constitute an important contribution to the understanding of the precise molecular mechanisms that induce glucose homeostasis.
It should be noted that even though all the parameters of the model have been set to account for the total number of granules, the transient rate of exocytosis and the amount of insulin molecules for each granule [33] , the amplitude absolute scale referred to the extracellular released insulin depends on the sample volume, which the concentration is referred to. Similar considerations apply for the precise time scale characterising the insulin dynamics. Actually, it depends on the chosen rate of spontaneous decay of , given by dilution and absorption by the blood. In modeling the rate of insulin sequester (11), we assumed a uniform distribution of blood vessels in the islet volume, and we lumped it in a space-and time-independent factor . The constraints on the sample volume and affect any quantitative comparison of simulations at the cellular level to in vitro experimental data. The reader should rather assume that, once the sample volume and the decaying processes were established, the responses simulated in this paper might be scaled in time and amplitude to cope with a direct comparison to quantitative data.
Regarding the many forms of polygenic pathologies, besides animal models, mathematical descriptions of the underlying cellular abnormalities involved in the glucose homeostasis can significantly improve our understanding of the diseases as well as guide the research in the analysis and interpretation of new experimental data.
Also the design of a bio-artificial pancreas [43] should take advantage of detailed cellular model such as the one proposed here.
We conclude by underlining that the biomedical knowledge is more and more based on detailed data at the molecular level and an increasing number of therapies deal with cellular and subcellular manipulations. This is a compelling indication for the bioengineering community to provide to the biomedical community models and computer simulations at the same level of description. Hopefully, the models and computer simulations presented in this paper represent a valuable example of such an approach.
